In this paper the method of renormalization group (RG) [Phys. Rev. E 54, 376 (1996)] is related to the wellknown approximations of Rytov and Born used in wave propagation in deterministic and random media. Certain problems in linear and nonlinear media are examined from the viewpoint of RG and compared with the literature on Born and Rytov approximations. It is found that the Rytov approximation forms a special case of the asymptotic expansion generated by the RG, and as such it gives a superior approximation to the exact solution compared with its Born counterpart. Analogous conclusions are reached for nonlinear equations with an intensity-dependent index of refraction where the RG recovers the exact solution.
INTRODUCTION
Two common approximation methods invoked for the solution of the reduced wave equation are those that bear the names of Born and Rytov. The former is well known from scattering theory especially in quantum mechanics [1] , while the latter is more well known from wave propagation in deterministic and random media [2, 3] in the solution of line-of-sight problems, as it simplifies the derivation of phase and amplitude fluctuations. Despite being known for at least half a century, the latter method has repeatedly led to confusion and misunderstanding of the essential features of the solution it generates.
A novel technique for the asymptotic solution of differential equations, the renormalization group (RG), inspired by the statistical mechanics of critical phenomena and quantum field theory was recently introduced [4] . The RG extracts universal and structurally stable features of systems that are insensitive to details [4] such as statistical mechanical systems and polymers. In [5] it was shown that these features carry over to the asymptotic solution of differential equations: new asymptotic solutions were derived that are in many cases superior to those obtained by standard multiple-scale, Wentzel-KramersBrillouin method, or matched asymptotic expansions, while for systems of nonlinear ordinary differential equations in normal form the RG approach provided the slow dynamics on the center manifold.
In [6] it was stated that the RG method generates the Rytov approximation, while the so-called naïve expansion generates that of Born. The purpose of the present paper is twofold: to establish the above assertions by deriving approximate solutions through the RG and also to demonstrate the superiority of the Rytov approximation. We examine a number of deterministic problems in linear and nonlinear media employing the method of RG and demonstrate that the Rytov approximation is indeed superior to that of Born. In fact, in some of the problems chosen the RG is able to reproduce the exact solution. The Rytov approximation forms a special case of the asymptotic expansion one obtains with the RG; the RG applies a "Rytov" expansion to each wave separately and it does so by extracting information from the Born approximation, i.e., eliminating its secular terms. A main ingredient of the RG method (and thus that of Rytov) is the expansion of the phase in a power series with respect to the perturbing potential in contrast to the Taylor expansion of all existing functions in the Born method.
In Section 2 we introduce the method of RG [5, 6] and summarize general formulas embodied in the RG approach for the elimination of secularities from the naïve (i.e., Born) approximation and the derivation of amplitude equations.
In Section 3 we consider a number of linear wavepropagation problems in various geometries with various potentials, to show the universality of the RG and also to make comparisons with certain results derived in the literature. Subsections 3.A and 3.B introduce the reader to the application of RG described in Section 2 to wave propagation in linear media for a semi-infinite dielectric space and a dielectric slab. The results we derive show the superiority of the Rytov approximation. Using analytical-numerical reasoning, in Subsection 3.C we derive estimates for the validity of the solution as a function of the range of influence of the potential analogous to the results obtained in [7] . Subsection 3.C compares the results so far obtained with those of the existing literature of Born and Rytov and establishes the relationship between the RG and the Rytov approximation.
In Section 4 we consider wave propagation in a nonlinear medium with an intensity dependent index of refraction. Despite the high nonlinearity we show that the RG is able to capture the exact solution. Thus even though an infinity of higher-order terms of the Born series exists for this problem, the RG or equivalently the Rytov approxi-mation terminates after two terms. This is a well known feature of the RG approach [5] .
For completeness, in Appendix A we describe how Bosley's method [8] is used to examine the asymptotic validity of a solution to equations considered in the main body of the present paper. In Appendix B we summarize formulas based on the Thiele semi-invariants (or cumulants) of the naïve perturbation expansion for the derivation of amplitude equations. This is an alternative but equivalent formulation of the classical RG approach [5] . For a linear problem the RG asymptotic solution is given in explicit form by mere knowledge of the naïve perturbation expansion terms. These correspond to the well known formulas that connect the Born and Rytov approximations [9] .
GENERAL INTRODUCTION TO THE RENORMALIZATION GROUP APPROACH
We consider differential equations characterized by multiple scales through their dependence on a perturbing parameter ⑀ Ӷ 1. We consider classes of differential equations where the perturbing parameter does not multiply the highest order derivatives. A standard method of solution then consists of substituting a naïve perturbation expansion y = y 0 + ⑀y 1 + ⑀ 2 y 2 + O͑⑀ 3 ͒ (i.e., a Born series) into the perturbed differential equation under consideration and generating an infinite hierarchy of (possibly) linear and as such easier to solve differential equations. This process, however, normally leads to the appearance of secular terms in higher-order coefficients y 1 , y 2 , . . ., i.e., terms that render the solution nonuniform at a value of the independent variable of O͑1/⑀͒: for example, if y 1 ϳ ⑀z this implies that y 1 becomes of the same order as y 0 when z = O͑1/⑀͒, which leads to a breakdown of the solution process. Chen et al. [5] showed that these undesired terms can be removed if one replaces the constants of integration (here denoted by A) in the solution of zeroth-[e.g., y 0 ͑z͒ = Ae ikz ] and higher-order problems by a slowly varying amplitude A R ͑z͒,
so that the as yet unknown functions Z i are determined by absorbing the secular terms. The infinite sequence
ϱ is called the eliminative sequence. In the classical method envisioned in [5] these are determined by matching the eliminative terms Z i as they appear in the zerothorder solution [e.g., y 0 ͑z͒ = A R e ikz + ⑀Z 1 e ikz + ⑀ 2 Z 2 e ikz +. . .] with the secular terms arising in the higher-order solutions, thus eliminating secular terms. The mathematical statement of the above process, after replacing A with A R through the near-identity transformation [Eq. (1) ] is to reorder the newly acquired perturbation series with respect to the perturbing parameter ⑀ and set its coefficients of order higher than one equal to zero. To this end, define the reordered series ỹ͑A R , z , ⑀͒ϵy͑A , z , ⑀͒ and expand in Taylor series about ⑀ = 0 to explicitly generate the higherorder terms. Since ỹ͑⑀͒ = y 0 ͑A͑⑀͒,z͒ + ⑀y 1 ͑A͑⑀͒,z͒ + ⑀ 2 y 2 ͑A͑⑀͒,z͒ + . . . , ͑2͒
the elimination of higher-order secular terms is determined by the following expression:
Thus, the eliminative sequence [Eq. (1)] can now be considered successively known and the Z i 's having absorbed the higher-order secularities, do not appear in the expression for the zeroth-order solution anymore, which leads to the asymptotic solution y͑z͒ = A R e ikz . The last step in this process consists of determining the exact form of the slowly varying amplitude A R ͑z , ⑀͒; this can be obtained by resorting to the amplitude equation [6] 
which is a consequence of the implicit function theorem [10] . The above considerations apply to both linear and nonlinear wave propagation. It is, however, possible to derive the asymptotic solution based on the cumulants of the eliminative series for nonlinear problems or the cumulants of the Born series. In fact, this establishes the relationship between the Rytov approximation and the RG, which will be discussed in Subsection 3.C.
RENORMALIZATION GROUP APPROACH TO LINEAR WAVE PROPAGATION
The problems considered in this section illustrate the application of RG to wave propagation. We demonstrate the superiority of the Rytov approximation compared with its Born counterpart, derive estimates for their validity and show that certain solution methods employed in the literature are misleading.
A. Homogeneous One-Dimensional Dielectric SemiInfinite Space
We consider a monochromatic wave in free space incident on a dielectric semi-infinite space occupying the region z ജ 0 (see Fig. 1 ). This region is characterized by an index of refraction of the form n͑z͒ = ͑1+v͒ 1/2 where v Ӷ 1 is a scattering potential that will be used as our perturbing parameter in this section.
The reduced wave equation obtains the form 
The boundary conditions are
where we have assumed that the permeability of the semi-infinite space z ജ 0 is approximately equal to that of free space. The first equation in Eq. (5) is the unperturbed reduced wave equation, and as such its exact solution is considered known for the whole left half-space in terms of an incident and a reflected wave:
where R is a constant to be determined by matching at the boundary. For the right of the half-space consider the naïve perturbation expansion
in powers of the perturbing potential that represents the solution of the perturbed reduced wave equation. Substituting into the second equation of Eq. (5) we obtain the following hierarchy of equations:
͑9͒
In the right half-space there is only a scattered wave; the solution of the zeroth-order equation is thus
and the solutions of first and second order (omitting multiples of r0 ) obtain the form
͑11͒
Essentially the above solutions correspond to the first and second Born approximation. Notice that every order of the Born series above contains secular terms. To eliminate these terms we form the transformation [Eq. (1)] and substitute into the Born series:
which, after rearranging, determines the reordered series
From the first-order term in the above relation we can read off the value of Z 1 so as to make the expression in the brackets multiplying v vanish. Subsequently, substituting into the second-order term we can determine Z 2 so as to make the expression multiplying v 2 vanish. Equivalently we can resort to the general formula (3). Thus, the first two terms of the eliminative sequence
Substituting into the amplitude equation (4) we obtain the (linear) renormalization equation
which leads to the amplitude
This slowly varying amplitude replaces the constant A of the zeroth-order solution [Eq. (10)] and leads to the asymptotic expansion
It is easily understood that this expression corresponds to the second order Rytov solution. For convenience, let us replace the constant factor of the phase by the series L =1+v /2−v 2 /8+O͑v 3 ͒ resulting from a Taylor expansion of the index of refraction. Then, by use of the boundary conditions at the interface, it is straightforward to determine the constants R and A R in Eqs. (7) and (17), respectively, to obtain
Expanding these expressions with respect to the perturbing parameter v one recovers the Born approximation found in [11] . Furthermore, the reflection and transmission coefficients
͑19͒
of the exact solution
are seen to asymptotically correspond to the expressions in Eq. (18) [expanding the index of refraction only n͑z͒ = ͑1+v͒ 1/2 in a Taylor series with respect v]; the RG has eliminated the secular terms that would render the solution nonuniform for z greater than O͑1/v͒ and generated an (asymptotic) solution that resembles the exact solution.
It is easy to show that the Born approximation obtains the form
͑21͒
We stress that in this derivation no perturbation expansion of the solution in the left half-space was performed in contrast to the usual disposition to perturbatively expand solutions of unperturbed equations met in the literature (cf. [11] [12] [13] and references therein). We discuss this point further in Subsection 3.C.
In Fig. 2 [11] [12] [13] [14] where the solution of the unperturbed problem (in the left half-space) has been expanded in a Born or Rytov perturbation series, and it was shown that the Rytov approximation deteriorates for the reflected but not the transmitted wave while the opposite was shown for the Born approximation.
In conclusion, the RG approximation does give a superior representation of its exact counterpart. This is also to be expected from the estimates derived by Keller [7] where the relative error for the nth Born approximation was O͑z n+1 v n+1 ͒ and that of the nth Rytov approximation was O͑zv n+1 ͒ (in our notation).
B. Homogeneous Dielectric Slab
In this subsection we derive certain estimates for the validity of the various approximations with respect to the range of influence of a scattering potential (i.e., the parameter d). We verify the superiority of the Rytov approximation and demonstrate the asymptotic validity of the solutions obtained by means of the numerical method of Bosley [8] .
We consider a monochromatic wave incident on a dielectric slab in the region 0 ഛ z ഛ d (see Fig. 3 where v Ӷ 1 is a scattering potential that will be used as our perturbing parameter in this section.
The governing reduced-wave equations become
with boundary conditions
where for simplicity we consider all permeabilities to correspond to the one of free space. The solution method reproduces to a great extent that of Subsection 3.A. Hence, we only present the final RG results and compare them with the corresponding Rytov and the exact solution. The renormalized result 
becomes, after matching the boundary values,
where
by expanding the index of refraction in a Taylor series, where D ϵ 1−R 2 exp͑2ik͑1+v͒ 1/2 d͒ and R , T stem from relation (19) . For later comparison between the Rytov and the exact solutions, the above coefficient can be approximated by
The Born approximation obtains the form
while, after matching at the boundary, we determine the coefficients through long expressions that appear in Appendix C. Along the slab 0 ഛ z ഛ d where the RG approach (and thus the Rytov approximation) was applied, one obtains graphs similar to Fig. 2 where the Born approximation deteriorates. Thus in this region Keller's estimates [7] are valid. Outside this region the effect of the approximations made due to the presence of the perturbing potential in the slab can be "felt" only through the reflection and transmission coefficients.
Despite its simplicity, the present problem can serve as an important test for the validity of the Born-Rytov approximations in the far field. In particular, we are interested in determining the behavior of the transmission coefficients of the approximations with respect to the magnitude d of the range of the perturbing potential. To this end we examine the error of the approximation ͉T exact − T approximate ͉ versus the range of influence of the potential d for the various orders of approximation of
The left graph in Fig. 4 is the slope of the log of the remainder ͉T exact − T RG n ͉ = Kd n+1 versus the slab thickness d where we used a superscript n to denote the nth RG approximation. Thus for the zeroth-, first-, and second-order RG approximations one obtains from Eq. (26), the slope of the curves is always 1 correct to four significant digits, i.e., ͉T exact − T RG n ͉ = O͑d͒. However with an analogous procedure applied to the Born approximate solution [Eq. (28)] we obtain slopes 1, 2, and 3, displayed in the right graph of Fig. 4 , for the error that arises through the zeroth, first and second Born approximations. This implies that ͉T exact − T Born n ͉ = O͑d n+1 ͒ where we used a superscript n to denote the nth Born approximation.
In Fig. 5 we examine the asymptotic validity of the Rytov and Born transmission coefficients [Eq. (29)] with respect to the strength v of the potential; we contrast the error ͉T exact − T approximate n ͉ where the nth approximation either refers to the Rytov or Born, versus the perturbing parameter v in a log-log diagram by using the method of Bosley [8] (see Appendix A). From the graphs of Fig. 5 we deduce that the nth Born and Rytov approximations are both asymptotically valid as O͑v n+1 ͒. Thus, combining the last two asymptotic results we reach the important conclusion that
͑30͒
The above justifies the deterioration of the Born approximation as we increase the slab thickness. Note that Keller [7] , using a simplified comparison of the Born with the Rytov approximations without reference to the range of the perturbing potential, derived analogous estimates i.e. O͑v n+1 z n+1 ͒ for the Born and O͑v n+1 z͒ for the Rytov (in our notation).
C. Discussion of the Linear Space Results and Relation between the Renormalization Group and the Rytov Approximation
With the aid of the RG we have derived uniformly valid approximations to the exact solution that correspond to the Rytov approximation. These differ from the ones obtained in the literature [11] [12] [13] in that we do not expand the solution of the unperturbed problem in a Born or Rytov series. It is misleading to perform such an expansion since the purpose of perturbation methods is to afford an approximate expression for a perturbed problem with regard to the known solution of the unperturbed problem. This outlook is not usually followed in the literature resulting in erroneous expressions for the fields rather than well-defined exact results. In the above problems the effect of the perturbation will be felt by the solutions of the unperturbed problem when the boundary conditions are taken into account so these solutions should not be expressed in an infinite series.
Keller [7] , in deriving estimates for the validity of the Born and Rytov approximations, noted that the latter loses its validity for fields containing more than one wave and that for such fields the Rytov method must be applied to each wave separately rather than the total field. Comparing with our experience from the application of the RG approach to the previous two wave-propagation problems we conclude that RG achieves exactly this goal thus maintaining the large range of validity for the Rytov expansions.
Recall that the Rytov approximation is usually derived by an elaborate process of solution of a differential equation that describes the evolution of the phase and that generates a perturbation expansion whose zeroth-order equation is nonlinear [11, 15] , so that additional assumptions need to be introduced to obtain a solution. The RG introduces no extra assumptions.
A final note concerns the relation between the Rytov and the approximation obtained from the RG. There is a well known set of connecting formulas [9] that relate each order of the Rytov and Born approximations: if the wave function is denoted by u = e with the following expansions of the fields u = u 0 + ͚ n=1 ϱ ⑀ n u n and = 0 + ͚ n=1 ϱ ⑀ n n then each expression is expressible in terms of the other. For example, if
Thus, the Rytov formulas are the phases one obtains after exponentiation of the Born series and rearrangement of terms. Of course, these are exactly the same formulas arising from the application of the RG procedure employing the cumulants of the Born series, tabulated in Appendix B and derived in [16] .
RENORMALIZATION GROUP APPROACH TO NONLINEAR WAVE PROPAGATION
In this section we apply the RG approach to the solution of wave propagation in nonlinear media with an intensity-dependent index of refraction and show that the RG captures the exact solution. The Rytov approximation is again seen to be superior to that of Born, in agreement with the estimates derived by Keller [7] . We consider a monochromatic wave in free space incident on a dielectric semi-infinite space occupying the region z ജ 0 as displayed in Fig. 6 . This region is characterized by a wave intensity-dependent index of refraction of the form n͑z͒ = ͑1+v͒ 1/2 ͑1+␣͉ r ͑z͉͒ 2 ͒ as customarily appears in the theory of electromagnetic waves propagating in nonlinear media [17] and in nonlinear optics [18] for a harmonic optical field. The small parameter ␣ should be associated with the rate at which the index of refraction increases with an increasing optical intensity. Certain processes that lead to a nonlinear refractive index such as electronic polarization, molecular orientation, and electrostriction [18] lead us to consider the parameter ␣ to be very small and thereby apply perturbation methods for the solution of wave-propagation problems with the aforementioned index of refraction.
The reduced wave equation obtains the form
where k r 2 = k 2 ͑1+v͒. The boundary conditions [Eq. (6)] match the two solutions at the interface. To solve on the right half-plane we consider a naïve (i.e., Born) perturbation expansion of r of the form
in terms of the perturbing parameter ␣. Substituting into the second equation of Eq. (31) we obtain the hierarchy of equations The solutions of order greater or equal to one are secular in z. Performing the elimination of secularities we derive the following form of the first three members of the eliminative sequence ͕Z i ͖ i=1 ϱ by employing relations (1) and (3):
However, substituting into the amplitude equation (4), we see that terms of order higher than first do not appear:
The RG method has thereby generated the exact solution [12] . It can easily be obtained from the amplitude equation if we revert to polar coordinates. Let A R ͑z͒ = T͑z͒e i⍜͑z͒ . Substituting into the amplitude equation (34) we obtain T͑z͒ = T 0 and ⍜͑z͒ = ␣k r zT 0 2 . Replacing the constant A with the slowly varying amplitude A R in r0 we obtain the solution
where T 0 is the constant amplitude we obtain by integrating the radial amplitude equation TЈ͑z͒ = 0. As before, the solution of the left half-plane is
where the zero subscript implies that the transmission and reflection coefficients are determined by matching at the interface. It is a straightforward task to determine the constants that appear in the above solutions in terms of the parameters ␣ and = ͑1+v͒ 1/2 . These constants correspond to the reflection and transmission coefficients which have been explicitly derived in [12] . They are related by
For completeness we state that the transmission coefficient T 0 is derived as the real root of the cubic equation ␣T 0 3 + ͑1+͒T 0 −2=0 whose solution satisfies
, ͑38͒
where N = ␣ 2 2 ͑27+ 3 ͱ 3͑͑1+3 +3
2 + 3 +27␣͒ / ͑␣͒͒ 1/2 ͒. For later comparison we state the Born approximation for the nonlinear problem up to third order: The transmission coefficient A for the Born approximation is also determined by Eq. (38) to second order in ␣.
Higher-order approximations require the solution of a quintic or higher degree algebraic equations.
In Fig. 7 we graph the real part and amplitude of the exact-RG solution [Eq. (35) ] with the transmission coefficient [Eq. (38)] together with the Born approximation [Eq. (39)] for z ജ 0 to illustrate the behavior of the transmitted wave. We note that the Born approximation deteriorates significantly in amplitude and phase at locations of O͑1/␣͒ away from the interface. Of course this is to be expected since 1 becomes of the same order as 0 there and the naïve perturbation expansion (i.e., the Born series) loses its validity.
CONCLUDING REMARKS
In this paper we established the relationship between the expansion generated by the RG approach and the Born and Rytov approximations. We showed that, unlike common practice and belief in the literature, the Rytov approximation is superior to its Born counterpart. We derived estimates parallel to those of Keller [7] that support the above arguments. We also showed that in certain cases the RG approach can generate the exact solution of even a nonlinear problem.
Methods analogous to those employed in this paper could in principle be applied for the solution of the multivariable reduced wave equation in deterministic and random media. The method of RG has not yet been sufficiently developed in these areas in order to be applied with confidence. Nevertheless, we expect that certain barriers in its development will soon be lifted, which will allow a logical and consistent methodology to be applied to the aforementioned problems.
We conclude this article by stressing that no controversy exists in the application of the aforementioned methods. The autonomous problems treated here demonstrate the superiority of the Rytov approximation. However if the index of refraction explicitly depends on z, such as in an inhomogeneous medium, it might be necessary to introduce an a priori scale that would lead to an optimal RG (and thereby Rytov) solution [5, 6] .
APPENDIX A: ASYMPTOTIC EXPANSIONS AND BOSLEY'S METHOD
Bosley's method [8] circumvents uncertainties in the generation of an asymptotic solution by introducing a technique based directly on the definition of an asymptotic expansion [19] and comparing the asymptotic solution with the numerical solution. In particular if u N = ͚ 0 N ⑀ n y n is the asymptotic expansion up to order ⑀ N , then the remainder
Plotting the natural logarithm of the remainder r N ͑x͒ = K⑀ N+1 versus the logarithm of ⑀ leads to the equation of a line of slope N +1,
where K is an x-dependent parameter that can be removed. The important quantity is the slope. If the asymptotic solution is correct, then for all values of ⑀ the above relation should give us a line of the same slope. Figure 8 displays the slopes of the error versus the perturbing parameter for the transmitted wave obtained through the RG approach in Eq. (18) . The zeroth-, first-, and second-order RG solutions correspond to slopes 1 (upper curve), 2 (middle curve), and 3 (lower curve), which imply that the nth order approximation gives rise to error of Log-log plot of the error versus the perturbing parameter v. The upper, middle, and lower curves correspond to the zeroth-, first-, and second-order solutions generated by the RG method.
O͑⑀ n+1 ͒. Analogous statements can be made for the Born approximation, which lead to an error of identical order.
APPENDIX B: RENORMALIZATION GROUP VIA THE CUMULANT APPROACH FOR LINEAR AND NONLINEAR PROBLEMS
An alternative but equivalent approach [16] 
͑B3͒
or by taking the logarithm of the Born series and rearranging powers of the perturbing parameter ⑀. The above construction is a direct evidence of the equivalence between the Rytov series and the approximation one obtains by removing secular terms from a naïve expansion via the method of RG. More general formulas that further establish the relationship between the Born and Rytov approximations are discussed in the appendix of [16] . 
APPENDIX C: COEFFICIENTS FOR THE BORN APPROXIMATION OF THE DIELECTRIC SLAB SOLUTION

